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§6 Nuadratic i1deals

We have scen that a proper quadratic ideal cannot ceontain invertible

are

eloments, and elexentes in 2 ceomposition alpebra over a ficldhinvertible
if they hawve nonzero norm, therefore a proper quadratic idesal B cannct
contain elements of nonzero nerm: u(B) = 0, i.e. B iz totally isctreplc
relative to the guradratic form m, 1n fact, the isotTopic subspaces com-
prise all quadratic ¢-ideals; even more they are all the quadratic Z -

ideals (Z -subspares B satisfying U A CEB).

B

6.1 Proposirtien. The guadratic 7 -idesls of a compesition algebra A
over a field ¢ arte pracisely A together with all tetally izofropic

&—subspazes, In particular, A has dec on cuadratic ideals.

Prool. Any totally isotropic #—subspace B is a quadratic ideal by
the U=formula {1.11); LIEA = (K, A%)E - n(2)A% = n{E,A%)R  ¢F C B.

New suppose B is a proper guadralic F—idesl of A, Then B contalns
no invertihls elements, so as we remarked ahove n(B) = 0 and B is totally

cul

isotrepic. This rulesnﬁ = 1 a purely inseparshla field axtension, so we
can assume mix,y) 1= a nondepensrate hilinear form. Our task will be
te see that B is zctually a t-subspace, not merely & F-subspace,

If b is any nonzero elemsnt of B then n(b,a) £ 0 for some a & & hy
nendegeneracy, se th = ¢n(h,alk = ¢inih,a)b = n(k)al = Uh{faa"*} . B
Thus B iz elesed under scalar multiplication by clements of ¢.

Since any chaln A = Eﬂ = ]ll e F Br-!-l = 0 must have E:I_ -
Br proper isotrople $-subspaces, and since the dimernsion of 2 maximal

igptrople subspace {z at mnat% dim A&, we have v < S dim A. Since
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dim A = 2, 4, & (Types O and 1 have no proper isotropic subspaces) wa

sea A has des. [

We will investigcate these totzlly isotropic subspzees in mors derail
for the case of a Caylay alpebra. Fivst off, we restriet ourselves to a

split Cavley alpehra ﬂ:. since a Cayley division algebra has no isetropic

vectors a2t all cxcept zero.

It iz easy to build totally isotropic spaces from isotreplce vecters:
if n(a) = 0 then n{ad) = n(a}nfﬁ:} = 1 shows ad: is totally isetropic.
By nondegenertacy of n(x,y}, it a2 # 0 we can find an isotropic clement b

with nfL) = 0 but nf{a.b) = 1. In this case
al +b@C =C 4if n(a,b) # 0

because nla,blx = a(bx) + b(ax) & aC + v € for any x. Since all, t &
have dimension at mast 4 by Witt's Thearem (being totally isetrepic),

they beth nust have dimension exacbtly 4. We will call such ao 2T =

left f-esnace. Binflarly, if a ¥ 0 is isctropic we have a right 4~szrpzce

@ a whicn is totally isctropic of dimeasion 4.

The ways in which these f—spaces can intarsect is given by

6.2 (Intersection Theorem) Two left f-spaces determinad hy isctropic

vectors a,b # 0 have intersection

(1) aC NnoT=aC =vl of dimension 4 1f a, b are linearly

depandent

i1y aC ne@

alb@C) = b(al) of dimensica 2 if a, b are in-

., dependent but n{a,h) =0
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(121) aC M >@ = 0 of dimension 0 if a, b are independent znd
n(a,b) # 0.
A right and left 4-space have interszction
(iv) aCa Qb = ¢ab of dimensicn 1 1f &b # 0
) aCnCub = ab™ = a*l of dimension 3 if &b = 0 (where x¥ =
ly& Afalxy) = 0D,
Two left d-spaces r:u:nincidej,_ all = b, 1ff 2 and b are linearly de-
pendent. HNo lafr f’|-spac—:-‘.‘-:-:.="- '-"-.w:-'j.ran:'[des with a right 4-space, a #

Cuo.

Proof. Our baxic toel is the formula
(6.3) nfa,h)x = alhx) + hiax)
obtained by linearizing nfa)x = (aa)x = a(ax). From this
(6.4) x€&al&ax = w (m(a) =0, a ¢ 0)

gince a(a®) = n{a) T = 0 and vhenever ax = 0 we can cloose b with nla,k)
= 1 so that = = a(bx) € aC by (6.3).

Cleariy 1f b = da then alC = b @ as ia (1),

Suppuse new a, b are independeat but n(a,b) = 0., 3By (6.3) we have
albx) = = biax), so E'II:E.G::] = h{;f_}c a.l,fﬁ . But conversely, 1:F
€2l nbd@ {0 by I:E..f.#} ax = ﬁxlﬁ 0) then by indepsndence eof a and b
Y bsd shosas Sn alewenE & m;'irl-. nfa,e) = 1 but n{b,e) — 0, so as in
(6.3) 0 = n(b,e)x = blox) + f‘-iﬁxj = b{rx), therefore by (6.4) cx = o,
and so x = nfa,c)x = afcx) + efax) = a(ex) € abL), Ths 2&EntT

a(bC). This shows a(b@) = b(a@) = al N b L.

5
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To finish (ii) we must find the diwension ef a(";ﬂ:). We first show

a(c ) # 0. Using (6.3) and its dual
x({zh) ;n(a,x}h ~ afzh)
= n(a,x)b - afb,x)a + albx)

go that if a(b ) = 0 we would have { (ab) contazined in the two dimen-
slenal subspace ta 4 ¢b; then C(ab) would net be a Z-space, so abh = 0.
But then the zhove would :1_:_::111{'::—1 even further to n{a,x)bh - n(b,x}a = .D,
which is impessible if a, b are independent znd n nendegencrate. Thus
a(b) # 0. Dualiy (CB)a # U, so applying the invelution gives a(bl)
4 0, This in turn shows al ;‘.‘Jbﬂ:f;{aﬂ:} =0 but a(bL) £ 0), so alC >
a':I:ﬁ 2@ = 2t d). Therefore al » a(b@) > 0 has dincnsion 1, 2 ot .
Wow £(x,v) = nfax,by) is zn alternate bilinsar form s.inne £lx, %) =
'n(E:f,,.E"x:lw.= .n(E,E}n{x} = n{a,bInx) = 0, and it indvces a nondegenerate
aiternate form on G:KF.;Hl £ R u:,f?{ad f haz evan dinmension:; bub Rad §f =

w(z,albT)) = 0} - a(b @, and Efa{!;lf}‘l" Las

{z|nlaz,bC) = 0} = {=

the same dimension as a(b@)., Thuz a(c{) has even dimeasion: the only

possibility is dimension 2. \\.

",

If a, b are indepsudent and ula,b) # 0 then (6.3) shows % = llf:a,‘;.l:}-
L]

lalBx) + b(axdl; ff xeal b L then ax = bx - 0 shews x = 0, This

[
i’

eatablishes (Llidi). /
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Kenr :oonedder o mixed intessecrion aill 0 ﬂ:i:, where nia)

1

but a, b ¥ 0. Any x = ay = zb in the intersection has a(zb) = ax = alay)

= (0, so by (6.3) -f-'
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Locked at the other way, we can get from our basic spaces to the
glven isotrepic space by a preoper orthogenal transformation T. Fow
our basic spaces (i) - (iv) have the dasirad form of n-spaces (1 < n < 4),
g0 1f T preserves n—spaces then all disotroplc spacss will be n-spaces.
Preservation will follew from the Prineiple of Triality: there are pra-
mitt

per erthogonal T', T" wich (T, T', T") a disotopy.

Certainly T preserves l-spaces, T{¢a) = #T(a) for n{Ta) = nlal

II
]

For 4-spacas, T{a) = T"(a)T"(L) = a'C for n(a') = n(T'a) = nla)

IF
(e

and dually T(@La) = Ca". Then for 2-spaces we have T(aCn ) =

T{a@)

=

(b8 =a"C Nb'T for nfa") = a(k') = na) = n(h) =0,

nfa',b")

nfa,b) = 0 and 3" = Ta, h' = Th independent (dually for

. nCrY, and for 3-soaces T(a @ €b) = 2" Cn Cb" where nla’

ofb") = ¢ and a"™b" = T'(a)T"(L) = T(ak) = 0.

To prove uniqueness of the representatives, because ths2 basic types
have different dimensions we nead only show the tweo members of (Iv) are
not conjugats under a proper orthogonal T. But this follows by preserva-
tiom: 41f {I.e]l were a conjugats of ell':t it would have the form a'(::,

-

and a' @ ﬁ;ell by 6.6, I3
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(6.5) nfa,z)b = alzb) + z(ab) = z(ab)
(6.6 nfa,z)x = nla,z)zh = z{z(ab)} = n(z)ab .

Thus if =x §£ $ob we must have nia,z) = 0,

In the case when ab # 0 ecertainly any = & lab Lelonss to 2 CnaCh.
When x.# iab we have nfz,z) =0 agd (ah)e = EEE§¥'= 0 by (6.5), =0 by
(6.4) = € (ab)L ., Therefore x = zb € {(ab) Clh = a{6ln} (right Moufang)
= aln(,CHb = n(®) T} (U-formula (1,11)) = n(b,L)ab C ¢ab. Thus x
belongs to ¢zb even if it doesn’t, and al n €L = %ab.

In the case ab = 0 wa have n(a,z) = 0 when x ¢ fab, 1.2, x= = zhedan
when x £ 0. Conversely, whenever nla,z) = 0 wa have a(zh) = 0 by (6.3)
go x=zheal by (6,4), thus x € a®n & b, This shows alal b =
aJ‘h, dvally it equals av . To compute the dimznslon in this case,
note = o z2b 1s a4 linear wap of Lhe _?—Jllau:usian&.l Space a ~oonts 2O Eh
= a b with kernel {z € a* [zb =0} = [z 2 tN ©E} by 6.5)) =Ch
(since automstically CE CE.J':. nla,L b} = n(ah,C) = 0 by (2.9) Lif ab =
0%, Since this kernel has dimension 4, the image a AL b has dimension
7-4=3.

From this, afl. = b & {mpl<es a, & are dependent, and never all =

ﬂ:b gince aL (1L has dimension 1 or 3 Fi

H"'-\.

A1l dsectropic subhspaces can he rvepresented as intersections of 4-

5
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spaAces.

b
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6.7 (Theorem on Isotropic Subspaces) The totally isotropic subspaces

of a split Cayley zlgebra are zero and the H



(l-spaces) ¢a for nfa) =
(2-spaces)
{€b)a = (Ta)b
nfa) = nlb)} =
(3-spaces) abd = gdp =
(b-spaces) al o {E,:m Fa Ha)

Any totally isotropic subspaud:ﬁr

transformation to =zero

(1) e,
(117 rbe.ll + 119.;:;::' = ellﬂ:
(i11) ¢e, + o}ei? 3 ¢e5’
(i) $E11 xk $Ei;} ;5 ¢e£§]
Wegq ¥ "’:‘*9%} % I”""z{i]
Frocl. By Witt's Theorem

tetally isartropic subspacas of

an orthogonal transformation T.

Y

a

afb@Cy) = wa@) = al b€ or

Tano

for

nfa,b) = 0, a and & indepandant

a@n Ty for n(a) = n(h) = 0, zh = 0

tonjugate under a proper orLlhoponsl

or precisely aone of

(1) = _ (2) N (3)
r}f"u C- G:E';_H_. i ﬂ“":zl

=i (3).L _ L (3) L (3)
DR L YR = ellﬁ: n G:E.El
o By
Toteq, “114“ ox

M _ .
T, T 0:'"11 d

and the nondegencracy of nix, v}, any Lwo
the same dimesneion are cenjugate under

Thus every dsolropic subspace of diwmen—

sion 1, 2, 3, or 4 is coanjupate to the fivst member of (i), (ii), (iii)

or (iv)., Cemposing T with the

(improper) involution 1f necessary, we

obtain a proper orthogonal T' taking the given subspace into the first

er second member of (1) - (iv),



